The influence of droplet size on line tension by Napiorkowski, Pawel Jakubczyk Marek
ar
X
iv
:c
on
d-
m
at
/0
40
64
69
v1
  [
co
nd
-m
at.
sta
t-m
ec
h]
  2
1 J
un
 20
04
The inuene of droplet size on line tension
P. Jakubzyk and M. Napiórkowski
Instytut Fizyki Teoretyznej, Uniwersytet Warszawski
00-681 Warszawa, Ho»a 69, Poland
Abstrat
Within the eetive interfaial Hamiltonian approah we evaluate
the exess line free energy assoiated with ylinder-shaped droplets
sessile on a stripe-like hemial inhomogeneity of a planar substrate.
In the ase of short-range intermoleular fores the droplet morphology
and the orresponding expression for the line tension - whih inludes
the inhomogeneity nite width eets - are derived and disussed as
funtions of temperature and inreasing width. The width-dependent
ontributions to the line tension hange their struture at the stripe
wetting temperature TW1: for T < TW1 they deay exponentially while
for T > TW1 the deay is algebrai. In addition, a geometri onstru-
tion of the orresponding ontat angle is arried out and its implia-
tions are disussed.
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1 Introdution
A lot of theoretial and experimental eort has reently been made towards
understanding the adsorption on substrates equipped with geometri and
hemial struture. This researh exposed a variety of phenomena and asso-
iated problems, to mention the lling transitions [1-4℄, position and droplet's
size-dependent ontat angles and interfaial morphology strutures [5-10℄,
disontinuous hanges in droplet shapes as funtion of volume [11-12℄, or the
inuene of substrate's struture on the existene and order of wetting tran-
sitions as ompared to the homogeneous and planar substrate ase [13-17℄.
In many suh systems the interfaial morphology leads to the existene of
three-phase ontat lines and in onsequene to the line tension [18℄. This
quantity's properties, and espeially its behaviour lose to the wetting tran-
sitions stimulated many disussions and ontroversies in reent years [19-29℄.
In this paper we are onerned with semi-innite uid in a thermody-
nami state lose to its bulk liquid-vapour oexistene, in the presene of a
substrate onsisting of a single stripe-like inhomogeneity plaed on an other-
wise hemially homogeneous and planar solid surfae, see Fig.1. The system
is translationally invariant along the stripe, say in the y-diretion, and the
equilibrium adsorption morphology varies only in the x-diretion perpendi-
ular to the stripe, the width of whih is denoted by 2R. Thus the hemial
inhomogeneity of the substrate imposes nonuniformity of the liquid-like layer
adsorbed at the substrate. Its thikness varies in the x-diretion and indues
linear ontribution to the uid free energy. This ontribution evaluated per
unit length of the stripe will be denoted η, and alled the line tension. It
is a funtion of temperature T , the inhomogeneity width 2R, and addition-
ally depends on quantities haraterizing both the stripe and the rest of the
substrate. These additional quantities will be represented by the relevant
wetting temperatures of two parts of the substrate. The y = const setion
of the system an be looked upon as a two-dimensional droplet sessile on
a one-dimensional substrate inhomogeneity, see Fig.2. We are partiularly
interested in ontributions to the droplet line tension resulting from its nite
size - their size and temperature dependene.
In addition to analyzing the droplet morphology and the ontributions to
the line tension we perform geometri onstrutions of the relevant ontat
angles. These onstrutions orrespond to dierent hoies of the three phase
ontat line and lead to dierent preditions onerning the behaviour of the
ontat angle in the limit R → ∞. In eet, only one of them turns out to
have pratial meaning.
This work is arranged as follows. In Setion 2 we speify the model and
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disuss its limitations. A set of onstrained equilibrium proles parametrized
by the droplet's height at its entre is onstruted and the onstrained exess
line free energy expressions as funtions of droplets' height, inhomogeneity
width 2R, temperature, and the orresponding wetting temperatures are
derived. In Setion 3 we onstrut the expansion for equilibrium droplet
height in the limit of large R. We reover some of the earlier spei results
[30℄ together with new expressions for the orretions up to the order whih
is neessary to alulate the leading R-dependent ontributions to the line
tension. In Setion 4 the expressions for the line tension are derived and
disussed. In Setion 5 we analyze the ontat angles obtained from the
equilibrium liquid - vapour interfaial shapes.
2 The model
We onsider a planar, hemially inhomogeneous substrate remaining in on-
tat with a uid. The system's thermodynami state is innitisimally lose
to the uid's bulk liquid-vapour oexistene, i.e., µ = µ−sat, where µsat denotes
the hemial potential at liquid-vapour oexistene. The inhomogeneity has
the form of a stripe of width 2R. The substrate is translationally invariant
in the y-diretion dened by the inhomogeneity's orientation, see Fig.1. The
wetting temperature of the stripe TW1 is lower than that of the remaining
part of the substrate TW2, i.e., TW1 < TW2, so that the liquid phase is pref-
erentially adsorbed on the stripe. The system's temperature T is assumed
lower than TW2 so that the equilibrium thikness of the adsorbed layer l¯(x)
onverges in the limit x→ ±∞ to a nite value determined by the properties
of substrate 2 alone, see Fig.2.
A suitable desription of this system, valid on length sales muh larger
than the bulk orrelation length ξB is provided by the interfaial Hamiltonian
model [31℄, [32℄
H[l] =
∫
dx
∫
dy
[
σ
2
(∇l)2 + V (l, x)
]
. (2.1)
Here l(x, y) denotes the interfae position, σ - the liquid-vapour surfae ten-
sion, and V (l, x) - the eetive interfaial potential. The borderline between
substrates of types 1 and 2 is assumed to be of the order of ξB and the
rossover in V (l, x) is antiipated to our over a distane of the same mag-
nitude for systems with short-ranged intermoleular fores [30℄, [31℄. Conse-
quently, we model V (l, x) as
V (l, x) = Θ(R− |x|)V1(l) + Θ(|x| − R)V2(l), (2.2)
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Figure 1: A shemati illustration of a planar substrate ontaining a stripe-
like inhomogeneity. The wetting temperature of the stripe (TW1) is assumed
lower than the substrate 2 wetting temperature (TW2). The domain width
(2R) is onsidered muh larger than bulk orrelation lengths.
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Figure 2: Shemati plot of the y = const setion of the uid density in
the viinity of the stripe, and the orresponding equilibrium shape of the
liquid-vapor interfaial prole denoted by l¯(x).
where V1(l) and V2(l) are the eetive interfaial potentials orresponding
to homogeneous substrates of type 1 and 2, respetively, and Θ(x) is the
Heaviside step funtion. For short-range fores eah of the potentials Vi(l)
(i = 1, 2) has the exponential form (see e.g., [16℄, [30℄)
Vi(l) = τie
−l/ξB + be−2l/ξB + ... , (2.3)
where τi = a(T − TWi), a being a positive onstant, and ξB denotes the bulk
orrelation length in the adsorbed liquid phase. The positive parameter b
ontrols repulsion of the interfae from the substrate at short distanes. For
simpliity, within our model, it has the same value for substrates of both
kinds.
Thorough this work we apply the mean-eld approah aording to whih the
equilibrium grand annonial average value of the adsorbed layer's thikness
< l(x) > is identied with l¯(x) whih minimizes the Hamiltonian (2.1). One
should also note that the full drumhead expression in the interfaial Hamil-
tonian (see e.g., [33℄) is substituted with the gradient term in (2.1). This
4
approximation is valid for small dierenes between both substrates whih
in turn is ontrolled by the dierene τ1 − τ2. The equilibrium prole l¯(x, y)
is invariant with respet to translation in the y diretion and in addition
l¯(x, y) = l¯(x) = l¯(−x). From now on the onsidered values of x are limited
to x ∈ [0,∞[.
Minimizing the funtional (2.1) leads to the Euler-Lagrange equation
σ
d2l
dx2
=
dV
dl
(2.4)
together with the derivative ontinuity ondition
dl
dx
∣∣∣∣
x=R−
=
dl
dx
∣∣∣∣
x=R+
. (2.5)
The minimization proedure is performed in two steps. First we solve Eq.(2.4)
subjet to the boundary onditions:
dl
dx
|x=0 = 0, limx→∞ l(x) = lpi2, where
lpi2 orresponds to the minimum of V2(l). The droplet's height at the entre
l0 = l(x = 0) is for the time being kept as xed but arbitrary parameter. This
way we obtain a set of onstrained equilibrium proles denoted by {l˜(x, l0)};
they are parametrized by l0. In the seond step the equilibrium droplet's
height l¯0 and thus l¯(x) = l˜(x, l¯0) are determined by minimizing H [l˜(x, l0)]
with respet to l0.
For this purpose two ases must be distinguished: 1) V1(l0) < 0; and
2) V1(l0) ≥ 0. In ase 1), upon applying (2.2), (2.3) we obtain the following
formulae for the onstrained equilibrium proles orresponding to xed value
l0:
l˜(x, l0)
ξB
=

 log
[
1
2V1(l0)
(
τ1 + (τ1 + 2be
−l0/ξB) cosh(
√
−2V1(l0)
σ
x
ξB
)
)]
for x ≤ R
log
[
2b
τ2
(
− 1− e
τ2√
2σb
(x−C)/ξB
)]
for x > R;
(2.6)
whilst for ase 2) we have
l˜(x, l0)
ξB
=

 log
[
1
2V1(l0)
(
τ1 + (τ1 + 2be
−l0/ξB) cos(
√
2V1(l0)
σ
x
ξB
)
)]
for x ≤ R
log
[
2b
τ2
(
− 1− e
τ2√
2σb
(x−C)/ξB
)]
for x > R.
(2.7)
The above expressions are valid for x ≥ 0 and negative x-values are reahed
via l˜(−x, l0) = l˜(x, l0). The onstant C is in eah ase determined by the
ontinuity ondition of l˜(x, l0) at x = R. Note, that l˜(x = R
−; l0) is uniquely
given by l0. We require that l0 is suh that
l˜(x = R−, l0) ≥ lpi2 . (2.8)
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The neessity to make this additional though rather natural assumption is a
onsequene of the disontinuous form of the interfaial potential V (l, x),
see Eq.(2.2), whih allowed us to solve Eq.(2.4) for x < R and x > R
independently. The proles l˜(x, l0) are dereasing funtions of x, onave
for x < R and onvex for x > R.
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Figure 3: An example of onstrained equilibrium droplet prole l˜(x, l0). The
plot parametres were hosen as follows: 2b/σ = 1, τ1/σ = 0.1, τ2/σ = −0.01.
The lengths x, l0 = 7.2, R = 100 are expressed in units of ξB. The prole's
rst derivative is disontinuous at x = R (not visible in this gure's sale).
The magnitude of the derivative disontinuity dereases to zero for l0 → l¯0.
At this stage one may alulate the onstrained line ontribution to the
free energy per unit length in the y-diretion as funtion of l0 and R; it is
dened as
H(l0, R) =
∫ ∞
0
dx
[
σ
2
(dl˜(x, l0)
dx
)2
+V (x, l˜)−V1(lpi1)Θ(R−x)−V2(lpi2)Θ(x−R)
]
.
(2.9)
Substituting expression (2.6) for ase 1) and (2.7) for ase 2) we obtain the
following formulae
H(l0, R)
ξB
=
√
2σb
( τ2
2b
+
2V1(l0)
τ1 + (τ1 + 2be−l0/ξB) cosh(α)
)
− V1(l0) R
ξB
+
+2τ1
√
σ
2b
arth
(√ b
−V1(l0)e
−l0/ξB
tgh
α
2
)
−
√
−2σV1(l0) sinhατ1
τ1+2be−l0/ξB
+ coshα
+
(2.10)
−
√
σ
2b
τ2 log
[ −τ2
4bV1(l0)
(
τ1 + (τ1 + 2be
−l0/ξB) cosh(α)
)]
+
τ 21
4b
R
ξB
Θ(−τ1)
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for ase 1), and
H(l0, R)
ξB
=
√
2σb
( τ2
2b
+
2V1(l0)
τ1 + (τ1 + 2be−l0/ξB ) cosα
)
− V1(l0) R
ξB
+
+ 2τ1
√
σ
2b
arth
(√ b
V1(l0)
e−l0/ξBtg
α
2
)
+
√
2σV1(l0)
sinα
τ1
τ1+2be−l0/ξB
+ cosα
+
(2.11)
−
√
σ
2b
τ2 log
[ −τ2
4bV1(l0)
(
τ1 + (τ1 + 2be
−l0/ξB ) cosα
)]
+
τ 21
4b
R
ξB
Θ(−τ1)
for ase 2), where α =
√
|2V1(l0)
σ
| R
ξB
. Note that the set of physially relevant
values of l0 is limited by the ondition (2.8), whih means that l0 > l0min,
where l0min is given by l˜(x = R, l0min) = lpi2. The inhomogeneity width R
is arbitrary, nevertheless in further alulations we shall assume ξ||i ≪ R,
where ξ||i denotes the mean-eld interfaial orrelation length orresponding
to substrate of type i = 1, 2, ξ−2||i = V
′′
i (lpii)/σ.
The formulae (2.6), (2.7), (2.10), and (2.11) form the starting point for the
subsequent analysis aiming at the determination of the droplets' height, line
tension, and the ontat angles. The line tension η as funtion of τi and R is
given as the minimum ofH(l0, R) with respet to l0. The orresponding value
of drolet's height is denoted by l¯0. Consequently, the equilibrium interfaial
shape l¯(x) = l˜(x, l¯0), and η = H(l¯0, R).
3 The equilibrium droplet height
The saling behaviour of the equilibrium droplet height l¯0 for R → ∞ and
τ1 > 0, was obtained by Parry et al using onformal properties of equation
(2.4) in the ase b = 0 [30℄. However, this tehnique fails when the term
∼ e−2l/ξB in V1(l) must be taken into aount. As we show below, the term
negleted in [30℄ ontributes to the orretions to the leading behaviour of l¯0
whih are essential to determine the harater of the asymptoti expansion
of line tension η for large R. In the following subsetions we expand the
funtions
∂H(l0,R)
∂l0
around the properly hosen values l
(0)
0 of l0 for dierent
temperature ranges. We assume l¯0 = l
(0)
0 + δl0, δl0 ≪ l(0)0 , and solve the
appropriate equation for δl0, thus determining l¯0 up to terms neessary for
the alulation of the leading orretion to η due to nite values of R.
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3.1 The τ1 > 0 regime
In this ase the numerial analysis of the onstrained line tension H(l0, R)
given by Eq.(2.11) shows that the equilibrium droplet height fulls the on-
dition α(l¯0(R)) → pi−, as R → ∞. The range of physially relevant values
of l0 is limited by the ondition (2.8). It follows that only l0 > l0min should
be onsidered, where l0min is dened by l˜(x = R, l0min) = lpi2. We note that
H(l0, R) diverges at l0 = l
∗
0 < l0min and one an hek that asymptotially
l∗0 → l0min and simultanously l¯0 → l∗0, for R→∞. One may not perform the
expansion of
∂H(l0,R)
∂l0
around the value of l0 whih orresponds to α = pi, as
this value is smaller than l∗0 for nite R (see Fig.4).
lo
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Figure 4: A sketh of H(l0, R) for xed R. The physially meaningful values
of droplet height full l0 > l0min, where l0min is determined by the ondition
l˜(x = R, l0min) = lpi2. The funtion H(l0, R) diverges at l
∗
0 < l0min.
Instead, one expands
∂H(l0,R)
∂l0
around l
(0)
0 = l
∗
0, whih fulls
τ1 + (τ1 + 2be
−l(0)0 /ξB ) cos[α(l(0)0 , R)] = 0. (3.1)
The solution of Eq.(3.1) takes - for
σξB
τ1R
≪ 1 - the following form
e−l
(0)
0 /ξB =
σpi2ξ2B
2τ1R2
(
1−2
√
2σb
τ1
ξB
R
+
1
2
(6−pi2/2)2σb
τ 21
ξ2B
R2
+O(σξB
τ1R
)3
)
. (3.2)
Similarly, by expanding
∂H(l0,R)
∂l0
around the above value l
(0)
0 , we solve the
equation
∂H(l0,R)
∂l0
= 0 up to terms of the order ( ξBσ
τ1R
)4. In this way one
obtains the equilibrium droplet height
e−l¯0/ξB =
σpi2ξ2B
2τ1R2
(
1 +
κ1
R
+
κ2
R2
+O((σξB
τ1R
)3)
)
, (3.3)
where κ1 = ξB
√
8σb 2τ1−τ2
τ1τ2
, κ2 = 8σbξ
2
B
[
6−pi2
2
8τ21
+ 2
τ22
− 2
τ1τ2
−−2τ31+5τ21 τ2−2τ1τ22+τ32
τ1τ22 (2τ
2
1−3τ1τ2+τ22 )
]
.
If in Eq.(3.3) one neglets the orretion terms of the order ∼ (σξB
τ1R
)3 and
8
∼ (σξB
τ1R
)4, then one reovers the result obtained by Parry et al via onformal
transformation [30℄.
The droplet height l0 = ξB
[
log
(
2τ1R2
pi2σξ2B
)
− κ1
R
− κ2− 12κ21
R2
+ ...
]
exhibits log-
arythmi divergene for R → ∞. The rst orretion (∼ 1/R) is positive.
Both κ1 and κ2 depend on b and thus annot be obtained within the onfor-
mal sheme [30℄. Note, that the asymptoti expansion was performed while
keeping τi (i = 1, 2) onstant. Taking the limits ξB/R→ 0 and τi/σ → 0 are
non-ommutative operations and - onsequently - the above expansion (3.3)
is valid only provided
ξBσ
Rτ1
≪ 1. This remark remains also relevant for the
ases τ1 = 0 and τ1 < 0 disussed below.
3.2 The τ1 = 0 regime
The plot of the funtion H(l0, R) for τ1 = 0 ase is qualitatively similar
to the τ1 > 0 ase, see Fig.4. However, in the present ase the quantity
l¯0 orresponds to α(l¯0(R)) → pi2− for R → ∞. Following, we may expand
H(l0, R) around l
(0)
0 whih fulls the ondition α(l
(0)
0 , R) = pi/2. After solving
the equation
∂H(l0,R)
∂l0
= 0 we obtain
e−l¯0/ξB =
√
σ
2b
pi
2
ξB
R
(
1 +
γ1
R
+
γ2
R2
+O((ξ||2
R
)3)
)
, (3.4)
where γ1 = −2ξ||2, γ2 = 4ξ2||2. The expliit expression for l¯0 has the form
l¯0 = ξB[log
√
2b
σ
2
pi
R
ξB
+
2ξ||2
R
− 2ξ
2
||2
R2
+ ...]. The leading orretion term, alike
ase τ1 > 0, is positive.
3.3 The τ1 < 0 regime
Our rst observation onerning the ase τ1 < 0 is that in the limit R→∞,
the equilibrium droplet height l¯0(R) onverges to a nite value lpi1 orrespond-
ing to the minimum of the potential V1(l). Indeed, as the inhomogeneity size
beomes innite, the height of the drop at its entre is fully determined by
the properties of substrate type 1. The quantity l
(0)
0 = lpi1 is therefore a
natural hoie of the value around whih
∂H(l0,R)
∂l0
an be expanded for large
R. Note that unlike the former ases τ1 ≥ 0, the eetive potential V1(l0)
beomes negative lose to l0 = l¯0(R) ≃ lpi1 and so the formula in Eq.(2.10)
should be used instead of (2.11). Solving
∂H(l0,R)
∂l0
= 0 up to the relevant order
leads to
l¯0 = lpi1 + δ1e
−R/ξ||1 + δ2e−2R/ξ||1 +O(e−3R/ξ||1) , (3.5)
9
where δ1 = 2
τ1−τ2
τ1+τ2
, and δ2 =
1
2
δ21 . The leading orretion is negative and
equal 0 for the speial ase τ1 = τ2 as is expeted on physial ground.
To sum up the results obtained for the morphology of the liquid drop
we note that the form of the l¯0 expansion for large R depends ruially on
the value of the redued temperature τ1. For τ1 ≥ 0 whih orresponds
to omplete wetting of type 1 substrate one has orretions proportional to
powers of 1/R while for τ1 < 0 we obtain orretions proportional to powers
of e−R/ξ||1 .
4 The line tension
The expressions for the line tension η(R) = H(l¯0, R) are obtained by substi-
tuting the formulae for l¯0 into equations (2.10), and (2.11). The alulations
are rather umbersome and we refrain from qouting the expressions for η in
terms of the parametres of the expansion of l¯0(R) around R = ∞. We only
note that the leading R-independent term in η may be expressed in terms
of the parametres κ1, γ1 or δ1 for all ases τ1 > 0, τ1 = 0, τ1 < 0, respe-
tively. The next-to leading orretions in l¯0 modify η at the level of leading
R-dependent terms.
We obtain the following expressions:
η>(R, τ1, τ2) = ξB
√
σ
2b
[
τ1 log
(τ1 − τ2
τ1
)
− τ2 log
(2(τ2 − τ1)
τ2
)]
−
σξB
[pi2
2
ξB
R
+O((ξB
R
)2)
]
, (4.1)
for τ1 > 0,
η0(R, τ1, τ2) = −ξBτ2
√
σ
2b
log(2)− σξB
[pi2
8
ξB
R
+O
(
(
ξB
R
)2
)]
, (4.2)
for τ1 = 0,
and nally
η<(R, τ1, τ2) = ξB
√
σ
2b
[
τ1 log
(τ1 + τ2
2τ1
)
+ τ2 log
(τ1 + τ2
2τ2
)]
+
ξBτ1
√
σ
2b
[
− 2 τ1
τ1 + τ2
e−R/ξ||1 +O
( R
ξB
e−2R/ξ||1
)]
, (4.3)
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for τ1 < 0.
The dominant, R-independent terms in the above formulae may be ob-
tained independently by onsidering an inhomogeneous substrate onsisting
of two homogeneous half-planes haraterized by τ1, τ2, meeting at x = 0.
After alulating the orresponding exess linear free energy one obtains the
dominant, R-independent term. It is a non-negative funtion of τ1 and τ2,
whih vanishes for τ1 = τ2, see Fig.5.
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Figure 5: Plot of the leading R-independent ontribution to line tension
denoted by η(0) as funtion of τ1 at xed τ2. The plot parametres were
hosen as follows: σ/2b = −τ2/2b = 1. Note that for τ1 = τ2 one has η(0) = 0
as expeted on physial ground. The range of τ1 is restrited to τ1 > τ2 in
aordane with the analysis in the text.
The entral observation onerning the above formulae is the hange in
the harater of the orretions to the "free" line tension η(0) as the temper-
ature TW1 is rossed. The interfaial orrelation length ξ||1 =
√
2σb
|τ1| sets the
length sale ontrolling the next-to-leading terms in η<, i.e., for τ1 < 0. Its
divergene at τ1 = 0 is aompanied by the appearane of the algebrai terms
in the expansion of η about 1/R = 0 for τ1 ≥ 0 . The nite R orretions
for τ1 > 0 are universal (at least up to ∼ 1/R order) in the sense that they
do not depend on the substrates' harateristis and are fully determined by
σ. Thus the divergene of ξ||1 at τ1 = 0 is aompanied by the hange of the
expansion parameter of η from e−R/ξ||1 to ξB/R.
The orretions are positive for τ1 < 0 and negative for τ1 ≥ 0. They may
be interpreted as the asymptoti term of an eetive interation potential
between two regions of inhomogeneity of l¯(x), orresponding to x ∼ R and
x ∼ −R.
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5 Remarks on the ontat angles
At the marosopi level the ontat angle of a liquid drop plaed on a pla-
nar solid surfae is related to the interfaial tensions between the relevant
phases. Aordingly, it an be evaluated from the Young's equation [18℄. At
the mesosopi level the 3-phase ontat line is not dened unambigously and
onsequently the geometri onstrution of the ontat angle is not unique.
Moreover, generalizations of Young's equation to the ase of hemially in-
homogeneous substrates assume impliitely that the typial size of boundary
regions between homogeneous domains is muh larger than bulk orrelation
length ξB (see Ref.[7℄ for detailed disussion), whih is opposite to the ase
onsidered in this paper.
There are at least two approahes towards the geometri denition of the
ontat angle for the system onsidered in this paper. The rst denition
exploits the interfaial prole's harateristis in the region of inhomogeneity
(i.e., for |x| ≈ R) while the seond probes the prole's features at the entre
of the droplet (i.e., x ≈ 0).
Within the rst approah the equilibrium ontat angle is dened via the
prole's slope at the three phase ontat line situated at a hoosen position
xk. A natural - though not unique - hoie for the onsidered system is
xk = R. Following, the ontat angle θ is obtained from
tan θ = −dl¯(x)
dx
∣∣∣∣
x=R
. (5.1)
In the seond approah one ts the irle y(x) =
√R2 − x2 + y0, tangent
to l¯(x) at x = 0, and of the same urvature at x = 0 as that of l¯(x):
d2y(x)
dx2
|x=0 = − 1R = d
2 l¯(x)
dx2
|x=0. The position of the ontat line is then dened
as the line of intersetion of y(x) with the prole's asymptote at lpi2, see
Fig.6.
Within the present analytial approah the above two onstrutions an
be ahieved only in the ase of large inhomogeneity width R/ξ||1 ≫ 1. For
the rst hoie one obtains
θ ≃
{
1
2
(θ2 − θ1) for τ1 ≤ 0
1
2
θ22
τ1√
2σb
+θ2
for τ1 > 0
, (5.2)
where θ1 and θ2 are ontat angles for homogeneous substrates of type 1 and
2, respetively, and for small, negative τi one has θi ≃ |τi|/
√
2σb, i = 1, 2.
It is obvious on physial ground that the seond onstrution leads forR/ξ||1 ≫
12
lpi2
kx
θ ’
x
l(x)
y(x)
‘
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Figure 6: Phenomenologial onstrution of the ontat line and the ontat
angle. A irle y(x) tted to the equilibrium droplet prole at x = 0 intersets
the asymptote lpi2 at x
′
k dening the three phase ontat line position. The
ontat angle θ′ is dened as the orresponding angle of intersetion.
1 to the vanishing ontat angle. This is onrmed by the analytial expres-
sions
θ′ ≃


2|τ1|
√
(lpi1 − lpi2) τ2−τ1τ1+τ2 12σbe−
1
2
R/ξ||1
for τ1 < 0
pi√
2
√
log[−(2/(σb))1/2τ2R/pi]
R
for τ1 = 0
pi
√
log[
τ1τ2R
2
−pi2σb ]
R
for τ1 > 0
, (5.3)
whih display hange of the onvergene type to the value θ′(R = ∞) = 0
from exponential for τ1 < 0 to
√
log(R)
R
for τ1 ≥ 0. In other words, the dis-
repany between our preditions for θ and θ′ may be attributed to dierent
behaviour of the orresponding positions xk and x
′
k of the ontat line for
R → ∞. In partiular, the dierene xk − x′k is of the order eR/(2ξ||1) for
τ1 < 0 and
√
logR for τ1 ≥ 0.
6 Summary
This artile is onerned with morphology and line tension of equilibrium
droplets plaed on a planar substrate with a hemial, stripe-shaped inho-
mogeneity.
Applying the eetive Hamiltonian approah, we rst onstruted a set
of onstrained equilibrium states parametrized by the droplet's height. The
global minimum was then extrated from this set using perturbative expan-
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sion valid in the limit of large droplet radii. The line tension expressions were
evaluated and the harater of the size-dependent orretion shown to exhibit
rossover from exponential to algebrai deay for inreasing inhomogeneity's
width, ouring at the strip's wetting temperature. This orresponds to di-
vergene of the interfaial orrelation length haraterizing the wetted part
of the surfae, whih ats as the length sale ontrolling line tension for low
temperatures.
In addition, on the basis of the obtained equilibrium liquid-vapour proles
l¯(x) we alulated the droplet ontat angle on the heterogeneous substrate
dened via tangents of l¯(x) evaluated at x = R.
The main onlusions are restrited to the ase of short-ranged fores and
refer to the asymptoti regime R/ξ||1 → ∞, and the thermodynami state
lose to the uid two-phase oexistene (µ = µ−sat). Our preditions are as
follows:
• The line tension η related to the substrate's inhomogeneity is a funtion
of the stripe's width R. For large R the harater of the leading R-
dependent term depends on the temperature. At low temperatures,
i.e., for T < TW1 the interfaial orrelation length ξ||1 represents the
harateristi length sale ontrolling the R-dependent ontributions to
line tension, whih are of the type e−R/ξ||1 . For T ≥ TW1 the orrelation
length ξ||1 is innite and the R-dependent ontributions to η beome
algebrai and universal, i.e. independent of substrates' properties, and
fully determined by the liquid-vapour interfaial tension σ.
• The R-dependent ontributions to η may be interpreted as the ee-
tive interation potential between the interfaial prole inhomogeneity
regions orresponding to droplet boundaries at x ≈ R and x ≈ −R.
At T = TW1 the leading R-dependent orretion to η hanges sign
from positive in the low temperature regime T < TW1 to negative for
T ≥ TW1. This means that the interation represented by these terms is
repulsive as long as T does not exeed TW1 and attrative for T > TW1.
The interation magnitude is governed by the inverse of the orrelation
length 1/ξ||1 = |τ1|/
√
2σb for T < TW1 and by the interfaial tension σ
in the ase of T ≥ TW1.
• In order to haraterize the interfaial morphology in terms of the on-
tat angle we analysed two denitions of the ontat angle. They turn
out to be highly sensitive to the hoie of the three phase ontat line.
A partiular hoie of this line positioned at the domain boundary leads
to a ontat angle expressible in terms of ontat angles on homoge-
neous substrates. Another hoie, inspired by experimental proedures
14
and based on droplets' properties at their entres, leads - in the present
ontext - to ontat angles asymptotially (for R→∞) equal 0 for all
temperatures.
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